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cases, the even/odd part of ABJ grand partition function is equal to that of N = 5 O(n)
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we determine the coecients in the perturbative part of grand potential of such orientifold
ABJ theory. We also nd the exact form of the rst few \half-instanton" corrections coming
from the twisted sector of the reection of fermion coordinate. For the Chern-Simons level
k = 2; 4; 8 we nd closed form expressions of the grand partition functions of orientifold
ABJ theory, and for k = 2; 4 we prove the functional relations among the grand partition
functions conjectured in arXiv:1410.7658.
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1 Introduction
The Fermi gas approach, rst introduced in [1], to study the partition function of certain
3d Chern-Simons-matter theories on S3 enables us to extract the valuable information of
the non-perturbative eects in the holographically dual M-theory side. In particular, in
the case of N = 6 U(N + M)k  U(N) k ABJ(M) theory, which is dual to M-theory on
AdS4S7=Zk, we have a very detailed understanding of the instanton eects coming from
the M2-branes wrapping some 3-cycles, thanks to the relation to the (rened) topological
string on local P1  P1 [2] (see [3] for a review). Remarkably, for the special values of the
Chern-Simons level k = 1; 2; 4, it is found that the grand partition functions of ABJ(M)
theories can be written explicitly in closed forms in terms of the Jacobi theta functions [4, 5].
The grand partition functions of ABJ(M) theories can be naturally factorized into the
even part and the odd part under the reection x!  x of the fermion coordinate, and it is
conjectured in [5] that the factorized grand partition functions of ABJ theories enjoy certain
functional relations, which are reminiscent of the quantum Wronskian relation obeyed by
the spectral determinant of some quantum mechanical system [6, 7]. Recently, it is realized
that such projection to the even/odd sectors under the reection of Fermi gas system has
a close relation to the orientifolding on the bulk M-theory side [8{13]. In this paper, we
will consider the grand partition functions of the even/odd sectors of the ABJ Fermi gas
under the reection, which we call the \orientifold ABJ theory". For some special values
of parameter M , it is found that such orientifold ABJ theory is related to the Fermi gas
representation of the N = 5 O(n)USp(n0) Chern-Simons-matter theory [11, 13], which is
obtained by introducing an orientifold plane into the brane construction of ABJ theory [14].
Thus, the \orientifold ABJ theory" in such cases are indeed related to the orientifolding in
the bulk M-theory side.
In this paper, we will study the (grand) partition function of orientifold ABJ theory

















expansion) of the grand potential of orientifold ABJ theory, and determine the coecients
C;B and A in the perturbative part of grand potential. We also study the coecients of
\half-instanton" corrections to the grand potential, which have half-weight O(e ) of the
membrane instanton O(e 2) in ABJ theory. This type of half-instanton corrections has
also appeared in other theories [11, 12] which have dual description as M-theory on certain
orientifolds, and it is natural to identify such half-instantons as the eect coming from
orientifold planes.
We also compute the exact values of the canonical partition functions of orientifold ABJ
theory up to some N = Nmax for various values of k;M . Using this data of exact values
of partition functions, one can extract the instanton corrections to the grand potential
which are summarized in appendix B. For the case of k = 2; 4; 8 in appendix B, by looking
at the rst few coecients of this instanton expansion, one can easily guess the all-order
resummation of instanton corrections and write down the closed form expression of the
grand potential. Once we know the exact grand potential, we can reconstruct the grand
partition function by performing the \periodic sum" in (2.5) [15]. In this way, we nd
the closed form expressions of the grand partition functions of orientifold ABJ theory with
k = 2; 4; 8. It turns out that the grand potential at k = 2; 4 are essentially determined
by the genus-zero and genus-one free energies of the (rened) topological string on local
P1  P1, and the exact grand partition functions of orientifold ABJ theory for k = 2; 4 are
proportional to the Jacobi theta function #3(v; ), as in the case of ABJ(M) theory before
orientifolding [4, 5]. We nd that the exact forms of grand partition functions with k = 2; 4
we obtained indeed satisfy the functional relations conjectured in [5]. On the other hand,
the exact grand partition function for k = 8 is qualitatively dierent from the k = 2; 4
cases, due to the all-genus corrections in the worldsheet instanton part of grand potential.
This paper is organized as follows. In section 2, we compute the exact values of the
canonical partition functions of orientifold ABJ theories for various k and M , and determine
the instanton corrections to the grand potential, which are summarized in appendix B.
In section 3, we study the WKB expansion of the grand potential of orientifold ABJ
theory, and nd the coecients C;B and A in the perturbative part of grand potential
in closed forms. We also nd the closed form expression of the rst few coecients of
\half-instantons" coming from the twisted sector of the reection of fermion coordinate.
In section 4 and section 5, we write down the exact grand partition functions of orientifold
ABJ theory at k = 2 and k = 4, respectively. In section 6, we nd the closed form
expression of the grand partition functions of orientifold ABJ theories with (k;M) = (8; 1)
and (k;M) = (8; 3). In section 7, for the k = 2; 4 cases we prove the functional relations
among grand partition functions conjectured in [5]. We conclude in section 8. Some useful
properties of theta functions are summarized in appendix A.
2 Exact partition functions of orientifold ABJ theory
In this section, we will compute the exact values of the canonical partition functions
Z(N; k;M) of orientifold ABJ theory for various integral k;M up to some N = Nmax.
Using the exact data of Z(N; k;M), we determine the instanton corrections to the grand

















2.1 Review of ABJ Fermi gas
Before going to the orientifold ABJ theory, let us rst review the Fermi gas approach of
U(N1)k  U(N2) k ABJ theory. It is convenient to parametrize the theory by (N; k;M),
where k is the Chern-Simons level, N is the rank of the second gauge group, and M is the
dierence of the ranks of the rst and the second gauge groups:
N = N2; M = N1  N2: (2.1)
Without loss of generality, we can assume k > 0 and M  0. Note that the ABJM theory
is a special case of ABJ theory with M = 0. We are interested in the grand partition
function of ABJ theory on S3 obtained from the canonical one by summing over N with
xed k;M




where  is the chemical potential conjugate to N .
In the Fermi gas approach [1], the grand partition function of ABJ theory (2.2) is
written as a system of fermions with no multi-body interactions (ideal Fermi gas)
(; k;M) = det(1 + e): (2.3)




















As discussed in [15], the large  expansion of the total grand potential log (; k;M)
consists of two parts: the oscillatory part and the non-oscillatory part. We will focus on the
latter part, known as the modied grand potential J(; k;M). The grand partition function






This summation over the 2i-shift of  recovers the periodicity of grand partition function
(+ 2i; k;M) = (; k;M); (2.6)
which is required from the very denition of (; k;M) in (2.2). Moreover, as discussed
in [15] one can obtain the canonical partition function at xed N from the integral transform












where C is a contour on the complex -plane running from e i3 1 to e+i3 1.

















According to the conjecture of [2], the modied grand potential of ABJ theory is
completely determined by the rened topological string on local P1  P1


















where gs = 2=k denotes the string coupling and Ftop and FNS represent the free energy of the
standard topological string and the rened topological string in the Nekrasov-Shatashvili
limit, respectively. The Kahler parameters T1; T2 of local P1P1 are related to the chemical




 i(1  2b): (2.9)





and the \eective" chemical potential e in (2.9) is related to  by the so-called quantum
mirror map [20]. See [2] for more details. In [18], it is shown that this conjecture (2.8) is
in complete agreement with the exact values of the canonical partition functions of ABJ
theory.
It is useful to decompose the modied grand potential (2.8) into two parts
J(; k;M) = Jpert(; k;M) + Jnp(; k;M); (2.11)





and Jnp(; k;M) is the non-perturbative part which is exponentially suppressed in the



















and the constant A(k;M) in (2.12) is given by [18]
A(k;M) = Ac(k) + Fconi(k;M); (2.14)
where Ac(k) is the constant term in the ABJM theory, which is closely related to a resum-
















The second term in (2.14) denotes the free energy of the N = 2 U(M)k pure Chern-Simons
theory on S3,2













2Note that in (2.16) there is no shift of the Chern-Simons level k in a regularization preserving super-

















Via large N duality, this is equal to the free energy of the topological string on the resolved
conifold [25]. As discussed in [23], by a certain resummation of the genus expansion, we
can write down a useful integral representation of (2.16)








e2x   1 log
 
cosh 2xk   cos 2b
cosh 2xk   1
!
; (2.17)
where F0(b) is the genus-zero free energy of resolved conifold
F0(b) = Re[Li3(e
2ib)]  (3): (2.18)




ns denotes the polylogarithm. This integral
representation (2.17) denes a natural analytic continuation of k;M to non-integer values.
Plugging the decomposition (2.11) of the modied grand potential into (2.7) and ex-
panding the non-perturbative part, we nd that the canonical partition function Z(N) at
xed N can be also decomposed into perturbative and non-perturbative parts:
Z(N) = Zpert(N) + Znp(N); (2.19)










and the non-perturbative correction Znp(N) is given by a sum of the derivatives of the
Airy functions [15].
We should mention one important property of the grand partition function of ABJ
theory. Due to the Seiberg-like duality [14], (; k;M) is invariant under M ! k  M
(; k; k  M) = (; k;M): (2.21)
In terms of the parameter b in (2.10), the grand partition function is invariant under
b! 1  b, which corresponds to the exchange of two Kahler parameters T1 $ T2 in (2.9).
For the physical ABJ theory with integer k and M , it is argued that the supersymmetry is
spontaneously broken when M > k [14]. Therefore, for a xed k, the independent values
of M are M = 0; 1;    ; k. Taking account of the Seiberg-like duality (2.21), the physically
independent values of M are further reduced to
M = 0; 1;    ; [k=2]: (2.22)
2.2 Orientifold ABJ theory
In this subsection, we will consider the even/odd projection of the ABJ Fermi gas under
the reection R of the fermion coordinate
R : x!  x: (2.23)
This kind of projection of Fermi gas system into R = 1 sectors appeared previously in

















M-theory on certain orientifolds. We expect that the projection of ABJ Fermi gas into
even/odd sectors is also holographically dual to the M-theory on some orientifolds.
Since the density matrix (x; y) of ABJ theory is invariant under the reection of
coordinates
( x; y) = (x; y); (2.24)










Then the grand partition function of ABJ theory is naturally factorized into the even/
odd part
(; k;M) = +(; k;M) (; k;M) (2.27)
where (; k;M) are the Fredholm determinant of 
(; k;M) = det(1 + e): (2.28)
From this grand partition function (; k;M), we can read o the canonical partition
function of orientifold ABJ theory Z(N; k;M) with xed N by expanding in e




Note that the Seiberg-like duality (2.21) holds for each sector
(; k; k  M) = (; k;M): (2.30)




2 cosh xk + 2 cosh
y
k









This is exactly the form to which we can apply the Tracy-Widom lemma [27] and we can
easily compute the exact values of spectral traces. Once we know the trace Tr `+ from ` = 1
to ` = N , we can compute the canonical partition function Z+(N; k;M) at xed N . Using
the lemma in [27], the `th power of + can be systematically computed by constructing a























































The integrals in (2.32) and (2.33) can be evaluated by rewriting them as contour integrals
as in [15, 18, 28]. On the other hand, the traces of   can be computed by using the










Using the above algorithm, we have computed the exact values of the partition functions
Z(N; k;M) for various (k;M) up to N = Nmax, where Nmax is about 10{30.3 For the
case of k = 8; 12, we have computed Z(N; k;M) only for odd M .
As in the case of ABJM theory [15], by matching the exact values of Z(N; k;M) with
the expansion in terms of Airy function and its derivatives (2.19) and (2.20), we can x
the coecients in the modied grand potential order by order for the rst few instanton
numbers. In this way, we nd that the modied grand potential for  can be written in
a similar form as that in the ABJ theory (2.11)
J(; k;M) = J
pert
 (; k;M) + J
np
 (; k;M): (2.35)
Again, the perturbative part is a cubic polynomial in 















By matching the exact values of Z(N; k;M), we conjecture that the constant term














Here Ac(k) and Fconi(k;M) are given by (2.15) and (2.16), respectively. Very inter-
estingly, A(k;M) contains the contributions from non-orientable worldsheet instantons
Fnon-ori(k;M) on the orientifold of resolved conifold, which in turn is related to the
SO(M + 1)k pure Chern-Simons theory on S
3 via large N duality [29]
  logZCS(SO(M + 1)k) = 1
2
Fconi(k;M)  Fnon-ori(k;M): (2.39)




























Figure 1. We show the plot of free energy F =   logZ (N; k;M) with M = 3, for k = 3; 4; 6; 8; 12.
k increases from the right curve (k = 3) to the left curve (k = 12). Note that the horizontal axis
is N3=2. The dots are the exact values of free energy at integer N , while the solid curves represent
the perturbative free energy given by the Airy function (2.20) with C;B in (2.37) and A in (2.38).




















The appearance of non-orientable contributions in A(k;M) is the rst indication that the
projection of ABJ Fermi gas into R = 1 is closely related to the orientifolding.
In the next section, we will directly derive (2.37) and (2.38) from the small k expansion
(WKB expansion) of the grand potential.
In gure 1, we show the plot of free energy F =   logZ (N; k;M) as a function of
N for M = 3 with k = 3; 4; 6; 8; 12, as an example. As we can see, the exact values
of the free energy exhibit a nice agreement with the perturbative one given by the Airy
function (2.20) if we use the correct coecients C;B in (2.37) and A in (2.38). We nd
the similar agreement for all other cases.











35 ; (N  1): (2.41)
In practice, we compute the numerical value of A(k;M) from the exact value of
Z(Nmax; k;M) by setting N = Nmax in (2.41). In gure 2 we show the plot of A (k;M)
for M = 3, as an example. One can clearly see a nice agreement between the numerical
value of A (k; 3) estimated by using (2.41) and our conjecture of A (k; 3) in (2.38). Let us
take a closer look at the case of A (8; 3). We have computed the exact values of Z (N; 8; 3)
up to Nmax = 14, and the numerical estimation (2.41) with N = 14 gives


























Figure 2. This is the plot of A (k;M = 3) as a function of k. The dots are the numerical values of
A (k; 3) for k = 3; 4; 6; 8; 12 computed from (2.41), while the solid curve is the plot of our conjecture
of A (k; 3) in (2.38).
On the other hand, our proposal of the exact value (2.38) is











= 2:34669923144 : : : ; (2.43)
which is in good agreement with the numerical estimation (2.42). The dierence be-
tween (2.42) and (2.43) can be attributed to the instanton corrections. The rst instanton




2 for k = 8 in the grand canonical picture, which in the









 6:0 10 8: (2.44)
This is indeed the same order as the dierence between (2.42) and (2.43).
Once we know the perturbative grand potential, we can continue the above procedure
to x the coecients in the non-perturbative part Jnp (; k;M) using our exact data of
partition functions Z(N; k;M). The results are summarized in appendix B. We nd that
there are three types of instanton corrections with the weight:
O(e  4k ); O(e 2); O(e ): (2.45)
The rst two types have direct analogue in the ABJ theory, namely, worldsheet instantons
and membrane instantons. On the other hand, the last type in (2.45) is a new contri-
bution coming from the eect of orientifold projection, which we call \half-instantons",
following [12]. It is curious to observe that there is no contribution with the half-weight of
worldsheet instanton of the order O(e 2=k). Only the half-weight of membrane instantons
of order O(e ) appear.
For the cases of k = 2; 4; 8, by looking at the coecients of expansion in appendix B, one
can easily guess the all order resummation of instanton expansion, and nd the closed form
expression of grand partition function (; k;M), which we will consider in section 4, 5,
and 6. By expanding the closed form expression of (; k;M) around e = 0, one can

















N , in principle. Therefore, one can \bootstrap" the computation of partition functions for
k = 2; 4; 8:
exact values of Z(N; k;M) (N  Nmax)
) closed form of (; k;M)
) exact values of Z(N; k;M) (N > Nmax):
(2.46)
For example, we have computed the exact values of Z (N; 8; 3) up to N = 20 from the
expansion of the closed form expression of the grand partition function  (; 8; 3) in (6.23).
Using the exact value of Z (N = 20; 8; 3), the numerical estimation of A (8; 3) in (2.41)
gets improved
A (8; 3)  2:3466992303 : : : ; (2.47)
which is closer to the exact value (2.43) than the numerical value in (2.42) obtained from
Z (N = 14; 8; 3), as expected.
2.3 Relation to N = 5 O(n)USp(n0) theory
As discussed in [14], by introducing orientifold planes into the brane construction of ABJ
theory, we can obtain N = 5 Chern-Simons-matter theories with gauge group O(n) 
USp(n0) [14, 30]. Now it is natural to ask whether such N = 5 theories are related to the
projection of ABJ Fermi gas into even/odd sectors. In a recent paper [13], it is observed that
the grand partition function constructed from   of ABJM theory (M = 0) is equivalent
to the grand partition function of N = 5 O(2N + 1)2kUSp(2N) k Chern-Simons-matter
theory4
 (; k; 0) = N=5 O(2N+1)2kUSp(2N) k(): (2.48)
Also, a Fermi gas formalism of N = 5 theory with dierent gauge group O(2N)2k 
USp(2N) k is studied in [11]. We nd that the exact values of the canonical partition
functions in table.1 of [11] all coincide with the canonical partition functions Z+(N; k; 1)
computed from the density matrix + of orientifold ABJ theory with M = 1. From this
non-trivial agreement of the canonical partition functions at small N , we conjecture that
the grand partition functions of these two theories are actually equivalent
+(; k; 1) = N=5 O(2N)2kUSp(2N) k(): (2.49)
It would be interesting to nd a direct proof of this equality.
3 WKB expansion
In this section, we will consider the small k expansion (WKB expansion) of the grand
potential J(; k;M) of orientifold ABJ theory. As discussed in [12], the total grand
potential can be written as
J(; k;M) =
J(; k;M) JR(; k;M)
2
; (3.1)
4We are informed by Sanefumi Moriyama that the grand partition function of N = 5 O(2N + m)2k 





























with  being the density matrix of ABJ theory. As we will see in the next section, at the
level of modied grand potential (3.1) does not hold in general. In particular, the sum of
J+ and J  does not agree with the modied grand potential of ABJ theory
J+(; k;M) + J (; k;M) 6= J(; k;M): (3.3)
On the other hand, we nd that the dierence J+   J  is always equal to JR in the
examples listed in appendix B. We should stress that the total grand grand partition
function is completely factorized and the total grand potentials satisfy
log +(; k;M) + log  (; k;M) = log (; k;M): (3.4)









For the case of k = 2; 4, we can write down the dierence in (3.3) explicitly using the exact
form of grand partition functions, as we will see in section 4 and section 5.














The contour  is taken to be parallel to the imaginary s-axis with 0 < <(s) < 1. Picking
up the poles at s = ` (` = 1; 2;    ), we recover (3.2). On the other hand, closing the
contour in the direction <(s)  0 and picking up the poles on the negative real s-axis,
we can nd the large  expansion. Thus, the behavior of J(; k;M) is encoded in the
analytic properties of the spectral trace Tr(s) and the twisted spectral trace Tr(sR). In
this section, we will consider the WKB expansion of Tr(s) and Tr(sR), following a similar
computation in [12].
3.1 The density matrix of local F0
Since the density matrix of ABJ Fermi gas (2.4) depends on k explicitly, it is not so obvious
how can we compute the WKB expansion of (twisted) spectral traces. Also, the expression
of density matrix in (2.4) makes sense only for integer M . In [33] an analytic continuation
of  to arbitrary M is found using the relation to the mirror curve of local F0 (note that
F0 = P1P1). It turns out that we can systematically compute the small k expansion with

















Let us briey recall the construction in [33]. The density matrix of ABJ theory is
identied as
 = O 1F0 (3.7)
where OF0 is the quantized mirror curve of local F0
OF0 = e








; [x; p] = i~: (3.9)
The Planck constant ~ is related to the Chern-Simons level k by
~ = 2k; (3.10)
and the mass parameter m in (3.8) is related to the parameters in the ABJ theory as
m = e ;  = ik (1  2b) : (3.11)
As shown in [33], the inverse operator of OF0 can be written in terms of the quantum









~ eqn+ 12 ; (3.12)
with
q = ei~; eq = e  42i~ : (3.13)
From (3.12), the quantum dilogarithm exhibits the following quasi-periodicity
(x  i~2 )
(x+ i~2 )
= 1 + ex;
(x  i)
(x+ i)
= 1 + e
2x
~ : (3.14)
From this property, for the operators x; p obeying [x; p] = i~, one can show that
(p)ex(p) 1 = ex + ep+x: (3.15)











2 (x) 1(p) = m(1 + ex ) = m

 




x   + i~2
 : (3.17)
Now, using the quantum pentagon identity










































x+ p     i~2























Finally, after redening the variables
bp = x+ p  ; bx = x  
2
; (3.20)
we arrive at the following expression of the density matrix  = O 1F0 (up to an overall




(bx  2 + i~4 )(bx+ 2 + i~4 )
(bx  2   i~4 )(bx+ 2   i~4 )
1
2 cosh bp2 : (3.21)
We are interested in the small ~ expansion of . In this case the denominator of (3.12)







2   q  `2 )
+O(e 1=~): (3.22)











2 cosh bp2 ; (3.23)














2 cosh bp2 ; (3.25)
since E2n(0) = 0 (n  1).
Now we are ready to perform the WKB expansion (with b xed) of the spectral trace
Tr(s) and the twisted spectral trace Tr(sR).
5As discussed in [23], the small ~ expansion of the rst term in (3.22) is Borel summable, and the Borel

















3.2 WKB expansion of spectral trace Tr s
Let us rst consider the WKB expansion of the spectral trace Tr(s). As discussed in [12],
this is easily done by using the Wigner transform W of the density matrix . In general,













Using the property of Wigner transformation





f(bx)W = f(X); g(bp)W = g(P ); (3.27)














From (3.27), the Wigner transform of the `th power of  is easily obtained by the star-
product of W 's
(`)W = W ?    ? W| {z }
`
: (3.29)
The WKB expansion of (`)W can be computed recursively from the obvious relation
(`)W = W ? (
` 1)W . Finally, the WKB expansion of trace Tr(`) can be found by

































The correction terms Dn(s) can be systematically computed by making an ansatz that
Dn(s) is a rational function of s and xing the coecients in the ansatz by matching the


























7s3   20s2(6b2   6b  1);
+ s(720b4   1440b3 + 360b2 + 360b  11) + 16(120b4   240b3 + 120b2   1)
i
D3(s) =   s
3
3963617280(s+ 1)(s+ 3)(s+ 5)
h
31s6   3  196b2   196b  115 s5
+
 
5040b4   10080b3   1344b2 + 6384b+ 1273 s4
+
  20160b6 + 60480b5   11760b4   77280b3 + 24780b2 + 23940b+ 1567 s3
  16  10080b6   30240b5 + 21000b4 + 8400b3   6804b2   2436b+ 41 s2
  768  448b6   1344b5 + 1120b4   189b2   35b+ 3 s
  256  672b6   2016b5 + 1680b4   336b2 + 1 i: (3.33)
Then, the WKB expansion of grand potential can be found by acting the dierential









where the leading term J0(; k;M) is given by






The perturbative part comes from the pole at s = 0














To nd the ~ corrections to the perturbative grand potential, it is sucient to expand
Dn(s) up to s
3, since Jpert0 (; k;M) is a cubic polynomial in . In the small s expansion,













Here B2n(b) and B2n = B2n(0) denote the Bernoulli polynomial and the Bernoulli number,
respectively. By acting the dierential operator (3.34) on (3.36), we nd that the constant











































which correctly reproduces B(k;M) in (2.13). Also, we can read o the WKB expansion






























As we will see below, the second line in (3.39) corresponds to the WKB expansion of the
free energy Fconi(k;M) of the U(M)k pure Chern-Simons theory. To see this, let us consider














e~y   1 log

cosh 2y   cos 2b
cosh 2y   1

: (3.41)
By expanding the integrand in ~
~y













cosh 2y   cos 2b










cosh 2y   cos 2b




2n(2n  1) ; (n  2);
(3.43)
one can see that the small ~ expansion of Fconi(k;M) indeed agrees with the second line
of (3.39). To summarize, the perturbative grand potential of ABJ theory with the coef-
cients C(k); B(k;M) in (2.13) and A(k;M) in (2.14) are correctly reproduced from the
WKB expansion of the spectral trace Tr(s).
3.3 WKB expansion of twisted spectral trace Tr(sR)
In a similar manner as in the previous subsection 3.2, we can compute the WKB expansion
of the twisted spectral trace Tr(sR). This can be done using the fact that Tr(AR) for
some operator A is easily obtained from its Wigner transform AW by simply setting X =








We nd that the WKB expansion of Tr(sR) is written as
























The leading term is given by
ZR0 (s) = 2
 1 2s: (3.46)
We have computed the correction terms DRn (s) up to n = 12. The rst three terms are
given by






















b4   2b3 + b
3072
;





5b2   5b  7 s5
3145728
+













b5   3b4 + 5b2   3 s
184320
: (3.47)
Again, the large  expansion of JR(; k;M) is found by acting dierential operators








JR0 (; k;M); (3.48)
where the leading term JR0 (; k;M) is given by






Perturbative part. Let us rst consider the perturbative part of JR(; k;M), which
comes from the pole at s = 0. The leading term is give by
1
2













This is consistent with the 1=4 shift of B(k;M) in (2.37). As in the previous subsec-
tion 3.2, the contribution Fnon-ori in (2.38) is obtained by summing all order corrections in
~. Since (3.50) is a linear function in , in order to compute the term Fnon-ori it is sucient
to expand DRn (s) up to the linear order in s. We nd that D
R







As we will see below, this indeed reproduces the WKB expansion of Fnon-ori in (2.40). By





































By expanding the integrand log(1 + e 
~x
2 ) in small ~
log(1 + e 
~x

















cosh 2x  cos 2b =
( 1)n
4























We can compare this with the WKB expansion of twisted spectral trace in (3.51). By
acting the dierential operator Dn(@) (3.51) on the leading term J
R;pert
0 in (3.50), one can
easily show that the constant term of the perturbative part of 12J
R agrees with the WKB

















log 2 + Fnon-ori: (3.56)
This correctly reproduces the shift in A(k;M) in (2.38).
Instanton corrections. JR(; k;M) can be written as a sum of the perturbative part
and instanton corrections
JR(; k;M) = JR;pert(; k;M) + JR;np(; k;M): (3.57)
By picking up the poles at negative integers s =  ` (` = 1; 2;    ) in (3.49), we can compute
the non-perturbative correction JR;np(; k;M), which we identify as the \half-instanton"

































By matching the WKB expansion, we nd the rst few instanton coecients r`(~; b) in
closed forms
r1(~; b) = 2 cos b;




(cos 3b + 3 cos b cos
2 20);




(cos 5b + 5 cos 3b cos
4 20 + 5 cos b cos
2 20(1 + cos
2 40));
r6(~; b) =  32
3

cos 6b + 6 cos 4b cos
5 20 + 3 cos 2b
cos5 40   1
cos 40   1
+ cos3 20(6 cos







cos 7b + 7 cos 5b cos
6 20 + 7 cos 3b cos
2 20(cos
2 40 + 2 cos
2 20)
 (cos2 40 + 2 sin2 20)
+ 7 cos b cos
4 20(4 cos












When k and M are both integers, r`(~; b) becomes simpler and we can easily guess the
instanton coecients r`(~; b) for all order in `. From (3.60) and the periodicity of trigono-
metric functions, the result depends on the value of k modulo 8. For odd M we nd






2( 1)M 12 e  + 4e 2
1  2p2( 1)M 12 e  + 4e 2
!
;
JR;np(k  2 mod8) =  JR;np(k  6 mod8) = 1
4
log
1 + 4( 1)M 12 e 
1  4( 1)M 12 e 
;
JR;np(k  0; 4 mod8) = 0; (3.61)
while for even M we nd






2( 1)M2 e  + 4e 2
1  2p2( 1)M2 e  + 4e 2
!
;
JR;np(k  2; 6 mod8) = 1
4
log(1 + 16e 2);
JR;np(k  0 mod8) = 1
2
log(1 + 4( 1)M2 e );
JR;np(k  4 mod8) = 1
2
log(1  4( 1)M2 e ): (3.62)
For M = 1, (3.61) reproduces the results of half-instantons in N = 5 O(2N)2kUSp(2N) k

















dierence between the modied grand potentials J+ and J  agrees with the results in (3.61)
and (3.62)
Jnp+ (; k;M)  Jnp  (; k;M) = JR;np(; k;M): (3.63)
4 Exact grand partition functions for k = 2
In this section, we will write down the exact grand partition functions of orientifold ABJ
theory (; k;M) for k = 2 with M = 0; 1. In general, in order to nd the exact
grand partition function, rst we need to nd the closed form expression of the modied
grand potential. Then, by performing the periodic sum (2.5), we can construct the grand
partition function. It turns out that for k = 2 the modied grand potential is determined
by the genus-zero and genus-one free energies of topological string, and the exact grand
partition function is written in terms of Jacobi theta functions, as in [4, 5]. The genus-zero
free energy of ABJ(M) theory is encoded in the classical periods of local P1  P1, which
we review rst in the next subsection. Then we proceed to write down the exact grand
partition functions of orientifold ABJ theory for k = 2.
4.1 Periods of diagonal local P1  P1
In this subsection, we summarize the known results of classical periods of the spectral curve
of ABJM matrix model, or the mirror curve of diagonal local P1 P1 [5, 34]. The spectral
curve of ABJM matrix model has genus one, hence there are two independent periods:
A-period and B-period. These two periods are characterized by the Picard-Fuchs equation
[3   4z(2 + 1)2] = 0; (4.1)
where
 = z@z; z = e
 2: (4.2)
To study the small z expansion and the large z expansion of periods systematically, it is







into (4.1), we nd that f(s) should satisfy
s3f(s)  2f(s  1)  (2s)
2
 (2s  2) (2s  1) = 0: (4.4)




; fB(s) =    ( s)
3 (2s)
 (s+ 1) ( 2s) : (4.5)
In the large radius frame (small z region), these two solutions correspond to the at coor-































where the integration contour 0 is taken to be parallel to the imaginary s-axis with  1=2 <
<(s) < 0. The small z expansion of those periods are easily obtained by picking up the
























(t2   w2a + wb):
(4.7)






































where  (n) denotes the digamma function. The A-period and the B-period in (4.7) can
be written in closed forms in terms of a hypergeometric function and a Meijer G-function,
respectively
























  16z!+ it: (4.10)
From these relations, one can nd the genus-zero free energy F0(t) as a function of t. The















e 5t +    : (4.11)
It turns out that the logarithmic derivatives of t and @tF0 with respect to z are simpler
than t and @tF0 themselves, and they are given by the complete elliptic integral of the rst
6One could absorb the constant 2=6 into the denition of F0(t)
@t bF0 = @tF0 + 2
6






However, we will not do so and we will stick to the convention in [5]. Note that the t-linear term in F0(t)
drops out in the combination of f0 in (4.26). On the other hand, this constant 
2=6 plays an important





















 z@z@tF0(t) = 2K(1 + 16z) + 2iK( 16z):
(4.12)




@2t F0(t) = i
K(1 + 16z)
K( 16z)   1: (4.13)
Here the subscript L stands for the \large radius frame".
On the other hand, by deforming the contour 0 of (4.6) in the direction <(s) < 0 and
picking up the poles at s =  (n+ 1=2); (n = 0; 1; 2;    ), we nd the small  expansion of
the periods, where  is dened by
 = e; z =  2: (4.14)





























By performing the sum of residues in (4.15), we nd that the at coordinate  and the






































The small  expansion of the free energy F0() reads
F0() = 222







+    : (4.17)






























































   1: (4.19)
As we will see below, the dierence of the derivatives between (4.12) and (4.18) plays an
important role in the modular covariance of the grand partition functions.









In other words, the role of A-cycle and B-cycle are essentially exchanged when going from
the large radius frame to the orbifold frame.9 In fact, L (4.13) and orb (4.19) are related
by the S-transformation
orb =   1
L
: (4.21)


















 42 =  4(F0   @F0): (4.22)
4.2 The case of (k;M) = (2; 0)
In this subsection, we write down the closed form expression of the grand partition functions
(; 2; 0) of orientifold ABJ theory. As in [4, 5], we nd that (; 2; 0) are written
in terms of the Jacobi theta functions. Also, they have a nice property under modular
transformation, which enables us to nd the expansion around the orbifold point  ! 0
and extract the canonical partition function at xed N .
4.2.1 (; 2; 0)
Let us recall the grand partition function (; 2; 0) of ABJM theory [4] before projection
to R = 1. In [4], it was found that the modied grand potential is essentially determined
by the genus-zero and genus-one data of the (rened) topological string on local P1  P1.
8The second relation in (4.20) can be rewritten as
@tF0 = 4
2b; b =   1
24
:
As observed in [34], this shifted 't Hooft parameter b naturally appears in the large  expansion of the free
energy. However, we will not use b in this paper.
9We should emphasize that the s-plane in the Mellin-Barnes representation is an auxiliary object, and


















The large  expansion of the modied grand potential is given by [15]



































e 8 +    ;
(4.23)
where the rst line corresponds to the perturbative part, while the remaining terms are
instanton corrections. As observed in [4], the terms with and without 1=2 coecient,
which we call f0 and f1, respectively, have dierent origins. Accordingly, it is natural to
decompose the modied grand potential as








42 + 2+ 1
2
e 2   52
2 + + 9=4
22




+ 2e 4   32e 6 + 466e 8 +    :
(4.25)












On the other hand, f1 is given by the sum of the genus-one free energies of the standard




+ F1 + F
NS
1 (4.27)
where the rst term comes from the perturbative grand potential.10 Explicit forms of F1
and FNS1 are given by [35{37]
F1 =   1
12
















log(1 + 16z)  1
2
log( z@zt): (4.29)
Note that  z@zt is given by the complete elliptic integral (4.12). One can easily check
that (4.26) and (4.29) correctly reproduce the large  expansion (4.25).


















Modular expression of genus-one part. The genus-one free energies F1 and F
NS
1 have
a nice expression as modular forms. To see this, it is convenient to introduce  by
 = L + 1 = i
K(1 + 16z)
K( 16z) : (4.30)
Using the formula in appendix A, various quantities appearing in the genus-one free ener-
gies (4.28) can be written in terms of 
  16z = #2(0; )
4
#3(0; )4




;  z@zt = #3(0; )2: (4.31)
Plugging (4.31) into (4.28), and using the expression of Dedekind eta function ()
in (A.10), we recover the well known expression of the genus-one free energy of the standard
topological string
F1 =   log (): (4.32)










=   log #4(0; 2): (4.33)
For later purposes, it is also convenient to rewrite the genus-one free energy in terms
of the original variable L. We nd
F1 + F
NS
1 =   log #4(0; 2L): (4.34)




























+ log 2: (4.36)
Exact grand partition function. Once we nd the modied grand potential, we
can construct the grand partition function by summing over the periodic shift  !
+ 2in (2.5). As noticed in [4], using the relation
n3   n
3
2 2Z (n 2 Z); (4.37)
the n3 term coming from the cubic term 
3
32


















11Eqs. (4.29) and (4.32) imply














; (q = e2i ):

















Then, the summand in (2.5) is written as
eJ(+2in;2;0) = eJ(;2;0)+2in
2L+4inL ; (4.39)
and the periodic sum (2.5) becomes the Jacobi theta function




2L+4inL = eJ(;2;0)#3(2L; 2L); (4.40)
where L is dened in (4.13) and L is given by
12
L =





Note that the constant term  1=24 in (4.41) comes from the 2in-shift of =4 in












Using the expression of f1 in (4.36), (; 2; 0) can also be written as






As we will see below, the constant  1=24 in (4.41) is necessary for the grand partition










and the last two terms are exactly the B-period in (4.6). One can rewrite L in a form that
the modular property is more transparent. As in [38], by introducing the appropriately
normalized A-period A and B-period B




























dAB   2AB + L2A

: (4.48)
12 and  in [4] and our L and L are related by































The integration constants in (4.49) and (4.50) should be xed so that the large t expansions







t2 + 2t+ 2
22
e t   9(2t
2 + 2t+ 1)
82









e t   9(2t+ 1)
42
e 2t +    :
(4.51)
To understand the modular property of grand partition function better, it is desirable
to write f0 and L explicitly as modular forms. We nd that the derivative of A-period









but we could not nd a closed form expression of A itself. We leave this as an interesting
future problem.
S-transformation and orbifold expansion. As discussed in [4, 5], in order to nd the
small  expansion (orbifold expansion) of the grand partition function, we have to perform
the modular S-transformation. Indeed, the combination ef0+f1#3(2L; 2L) is exactly the
form of \non-perturbative partition function" proposed in [38] which has a nice modular
property. Using the S-transformation of theta function in (A.3), we nd
















and f0 and f1 in (4.53) are given by
f0 = f0  
2i2L
L




One can easily show that orb is written as






where the two periods in the orbifold frame are given by



















Also, one can show that f0 and orb can be recast in the same form as f0 in (4.49) and L















































log(8@) =   log #4(0; 2orb): (4.61)
Note that @ is given by the complete elliptic integral (4.18). Interestingly, the dierence
of the logarithmic derivative  z@zt in (4.29) and the ordinary derivative @ in (4.61) is
compensated by the perturbative term =4 and the term  12 log( 2iL) coming from the
S-transformation of theta function in (4.55). Also, it is interesting to observe that f1
in (4.61) has a similar form as F1 + F
NS
1 in (4.29) and (4.34). Using the expression of f1
as a theta function (4.61), the grand partition function can also be written as









The small  expansion of the grand partition function can be found from the expansion







+    ;
















+    :
(4.63)
Putting all together, nally we nd









3 +    : (4.64)
The coecient of N (N = 1; 2;    ) correctly reproduces the canonical partition function

















4.2.2 (; 2; 0)
In this subsection, we consider the closed form expression of (; 2; 0). For even k, it is
convenient to redene the constants in the perturbative part of grand potential as
eA(k;M) = A(k;M) + (3)
2k
; eA(k;M) = A(k;M) + (3)
22k
; (4.65)
so that eA(k;M) and eA(k;M) do not contain the term proportional to (3).
From the results of Jnp (; 2; 0) (B.1) in appendix B, and the perturbative coecients
eA(2; 0) = 1
2






we nd the modied grand potentials in closed forms
J(; 2; 0) =
1
2































where f0 and f1 are dened in (4.26) and (4.27), respectively. Note that the constant
proportional to (3) is contained in f0=2. After nding the modied grand potential in a
closed form, we are ready to perform the periodic sum (2.5) to construct the exact grand
partition function. As in the previous subsection 4.2.1, the n3 term coming from the 
3
62

















Again, we nd that (; k;M) is proportional to the theta function #3(v; L), where the
















The rst term L + 1=24 in (4.69) comes from the periodic shift of f0=2, while the sec-
ond term 1=3 and the third term B(2; 0) come from (4.68) and the B term in J
pert
 ,
respectively. Finally, we nd the grand partition function in a closed form










which can also be written as
















We note in passing that all terms in J(; 2; 0) (4.67), except for the genus-zero term f0=2,
can be written in terms of Jacobi theta functions, but the resulting expression is not so

















Using the identity (A.11) of theta functions in appendix A, the product of (; 2; 0)
becomes
+(; 2; 0) (; 2; 0) = eJ+(;2;0)+J (;2;0)#4(0; 2L)#3(2L; 2L): (4.72)
This should be equal to the grand partition function (; 2; 0) of ABJM theory. Compar-
ing (4.72) and (4.40), we nd the dierence between J+ + J  and J comes from #4(0; 2L)
J+(; 2; 0) + J (; 2; 0)  J(; 2; 0) =   log #4(0; 2L) = F1 + FNS1 : (4.73)
From (4.23) and (B.1), one can easily check the small z expansion of F1 + F
NS
1 indeed
agrees with the dierence of the modied grand potential.
Orbifold expansion. The small  expansion of (; 2; 0) can be found by perform-
ing the S-transformation of theta function, as in the previous subsection 4.2.1. This is
easily done by noticing that (; 2; 0) in (4.70) can be written as a theta function with
characteristic (a; b) = (0;14),13





By the S-transformation, this becomes





where J(; 2; 0) is given by

























Note that the 12 log 2 term in (4.76) appears from our denition of f1 in (4.55)
f1   1
2




One can easily show that the theta function with characteristic (a; b) = (14 ; 0) in (4.75)


























The  18 log  term in (4.76) is precisely canceled by the factor eiorb=16 coming from the
theta function, and hence the fractional power of  does not appear in the expansion of
(; 2; 0), as expected. Finally, the small  expansion of (; 2; 0) is found to be







168 + 396   582   273
737283
3 +    ; (4.79)




12 + 12   52
5122
2 +
 168 + 396 + 2022   993
737283
3 +    :
They correctly reproduce the exact values of Z(N; 2; 0) computed in section 2.2.
13As did in [4, 5], one could nd the small  expansion of (; 2; 0) using the identity (A.12) of Jacobi

















4.3 The case of (k;M) = (2; 1)
4.3.1 (; 2; 1)
For even k with integral M , the eective chemical potential is given by [18, 19]








; 2; 2; 2; 16"e 2

; (4.80)
where " is a sign
" = ( 1) k2 M : (4.81)
In the case of (k;M) = (2; 1), this sign is " = +1 and the modulus in the large radius





but we have to subtract the imaginary part of   log z = 2+ i in (4.10). Therefore, 2e
and the A-period t0 are related by
2e = t
0   i: (4.83)
Here and in what follows, we put prime to indicate the shift (4.82), except for the subtlety
in the genus-zero part as we will mention below.
Again, the modied grand potential can be written in a closed form. For the pertur-
bative part, we nd eA(2; 1) = 1
2
log 2; B(2; 1) = 0; (4.84)
where eA(k;M) is dened in (4.65). From the results in [18, 19], the modied grand potential
is given by
J(; 2; 1) = eA(2; 1) + f 00 + f 01   04 ; (4.85)
where 0 = + i=2.
The genus-zero part f 00 is obtained from (4.49) by replacing
A !  1
2



















where 0L and 
0













14Note that f 00 6= f0(t0), so our notation of \prime" is not completely consistent for f 00. We should

















On the other hand, the genus-one part f 01 is literally related to f1 (4.27) by the shift
! + i=2































 0L + 1
2
: (4.90)
Note that the rst three terms correspond to the three terms in f 00 (4.87), and the last
term  1=3 comes from (4.38). The  -parameter in the theta function #3(v; ) is given by
 = 2( 0L + 1); (4.91)
where the additional constant +2 comes from the second term  i0L in f 00 (4.87). Then
the grand partition function becomes
(; 2; 1) = eJ(;2;1)#3

20L  


























behave nicely under the S-transformation when combined with f 00 in (4.87).
The small  expansion can be found by performing the S-transformation
(; 2; 1) = e

























































Again, the small  expansion of (; 2; 1) does not contain the fractional power of , since
the  14 log(i) term in (4.96) is precisely canceled by the factor ei
0
orb=8 coming from the
theta function #2. Finally, the small  expansion of (; 2; 1) is found to be









3 +       ; (4.97)
which correctly reproduces the results of canonical partition function Z(N; 2; 1) of ABJ

















4.3.2 (; 2; 1)
Let us consider the grand partition function (; 2; 1) of orientifold ABJ theory.
From (B.2) in appendix B, we nd that the modied grand potential J(; 2; 1) can be
written in a closed form:
J(; 2; 1) = eA(2; 1) + 1
2


















where the constant eA(2; 1) is given by





Then, performing the periodic sum (2.5) we nd that the grand partition function is pro-
portional to a theta function #3(v; ). The  -parameter in #3(v; ) is given by
 =  0L + 1; (4.100)





























Note that the rst three terms in v correspond to the three terms in f 00 (4.87), while the
contribution 1=3 comes from (4.68), and the last term 14 is the contribution of B(2; 1) =
14 . Finally, we nd the closed form expressions of (; 2; 1)



































Now, using the identity (A.11) of theta functions, the product of (; 2; 1) becomes












As in the case of (k;M) = (2; 0), comparing (4.103) and (; 2; 1) in (4.92), the dierence
between J+ + J  and J can be attributed to the contribution of the factor #4 (0; 2 0L),





Orbifold expansion. As in the previous subsection 4.3.1, the small  expansion of
(; 2; 1) can be found by performing the S-transformation:



































































Finally, the small  expansion of (; 2; 1) is found to be







 8  32 + 112
81922
3 +    ; (4.108)




52   8   24
5122
2 +
 480 + 216 + 4042   1353
737283
3 +    ;
which correctly reproduces the exact computation of Z(N; 2; 1) in section 2.2.
5 Exact grand partition functions for k = 4
For k = 4, thanks to the Seiberg-like duality (2.21), it is sucient to consider the cases
with M = 0; 1; 2. As observed in [5], the grand partition functions of k = 4 ABJ theories
are related to (; 2;M) obtained in the previous section 4


























We have checked that the small  expansion of the right hand side of (5.1) correctly
reproduces the known canonical partition functions Z(N; k;M) of ABJ(M) theory at k = 4
computed in [15, 18, 19]. Note that (5.1) implies that the modied grand potential on the
both sides of (5.1) are equal:
J(; 4; 0) = J+(; 2; 1); J(; 4; 1) = J (; 2; 0); J(; 4; 2) = J (; 2; 1): (5.2)
In this section we will nd the closed form expressions of the grand partition function
(; 4;M) of orientifold ABJ theory with M = 0; 1; 2.
5.1 (; 4; 0)
In this subsection, we will write down the closed form expression of (; 4; 0). In this
case the sign in (4.81) is " = +1, and the eective chemical potential is 2e = t
0   i as
in the case of (k;M) = (2; 1). The constants in the perturbative part are given by


























From the results (B.3) in appendix B, the modied grand potential can be found in a
closed form























By performing the periodic sum, the grand partition function becomes the Jacobi theta
function #3(v; ) with the  -parameter
 =
 0L + 1
2
: (5.5)
The constant 1=2 comes from the second term of f 00 in (4.87). Using (4.37), the n3 term
coming from the perturbative part 
3
122










































and we arrive at the following form of the exact grand partition functions

















From the property of theta functions in appendix A, they can be also written as



























Then using the identity in (A.11), the product of (; 4; 0) becomes








which is indeed proportional to (; 4; 0) in (5.1). The dierence of modied grand poten-
tial J+ + J  and J(; 4; 0) comes from the factor #3(0;  0L)













From the results in (B.3) and [15, 39], one can check that this indeed reproduces the

















Orbifold expansion. The small  expansion of (; 4; 0) can be found, again, by
performing the S-transformation. However, before doing the S-transformation, we have to
rewrite the theta function #a(v; ) in such a way that the  parameter is proportional to
 0L. Using the identity (A.12) in appendix A, we nd


































Now we are ready to perform the S-transformation. We get























where J(; 4; 0) is given by

















One can easily nd the small  expansion of (5.13)




 16 + 32p2   (7 + 4p2)2
20482
2 +    ;




 16  32p2 + (33  12p2)2
20482
2 +    ;
(5.15)
which correctly reproduces the exact computation of Z(N; 4; 0) in section 2.2.
5.2 (; 4; 2)
Next we consider (; 4; 2). In this case, the sign in (4.81) is " = +1, hence the ex-
pression of modied grand potential is similar to the (k;M) = (4; 0) case in the previous
subsection 5.1. The constants in the perturbative part are given by

















From the results (B.5) in appendix B, the modied grand potential can be found in a
closed form






















By performing the periodic sum (2.5), the grand partition function becomes the Jacobi
theta function #3(v; (
0














































Then, we arrive at the following closed form expression of the grand partition functions















which can be also written as
































Using the identity (A.11), the product of (; 4; 2) becomes








which should be equal to (; 4; 2) in (5.1). Again, the dierence between J+ + J  and
J(; 4; 2) comes from the factor #3(0; 
0
L)
J+(; 4; 2) + J (; 4; 2)  J(; 4; 2) =   log #3(0;  0L): (5.22)
Orbifold expansion. The small  expansion of (; 4; 2) can be found by rewriting
them in a similar manner as in the previous subsection 5.1:





































Then, performing the S-transformation, we nd























where J(; 4; 2) is given by













log (4 + ) : (5.25)
The small  expansion of (; 4; 2) in (5.24) reads
+(; 4; 2) = 1 +
4  4p2 + 
32
+
 32  8( 1 +p2) + ( 7 + 8p2)2
20482
2 +    ;






 32  24(1 +p2) + (33  8p2)2
20482
2 +    ;
(5.26)

















5.3 (; 4; 1)
Here we consider (; 4; 1). This case is similar to the (k;M) = (2; 0) case in the previous
section 4 with sign " =  1. The constants in the perturbative part are given by
eA(4; 1) = 1
4





From the results (B.4) in appendix B, the modied grand potential can be found in a
closed form
J(; 4; 1) = eA(4; 1) + 1
4


























Finally, we nd the following form of the exact grand partition functions
























Again, the product of (; 4; 1) can be simplied by using (A.11) in appendix A as








which is indeed proportional to (; 4; 1) in (5.1). The dierence between J+ + J  and
J(; 4; 1) comes from #4(0; L) in (5.31)









Orbifold expansion. The small  expansion of (; 4; 1) can be easily found by rewrit-
ing (5.30) in terms of the theta function with characteristic















where J(; 4; 1) are given by
J(; 4; 1) = eA(4; 1) + 1
4














= f1 + log 2: (5.35)
The small  expansion of (; 4; 1) is easily found from (5.33)







78  1212 + 363
1474563
3 +    ; (5.36)




26 + 20   92
10242
2 +
 126 + 174 + 1932   753
491523
3 +    ;

















6 Exact grand partition functions for k = 8
For k = 8, up to Seiberg-like duality (2.21) the independent grand partition functions are
(; 8;M) with M = 0; 1;    ; 4. We have only computed the exact partition functions
Z(N; 8;M) for M = 1; 3, so we will focus on (; 8; 1) and (; 8; 3). We nd that
the grand partition functions at k = 8 are qualitatively dierent from the k = 2; 4 cases
studied in the previous sections 4 and 5. In the case of k = 8, the worldsheet instanton
part of the modied grand potential receives all order corrections in the genus expansion.
In general, it is hopeless to sum over all order corrections, but somewhat miraculously for
the k = 8;M = 1; 3 cases the all-order corrections in the genus expansion can be resummed
in a closed form.
6.1 (; 8; 1)
Let us rst consider (; 8; 1). The constants in the perturbative part are given by









From the results in (B.6), we nd the modied grand potential in a closed form
J(; 8; 1) = j(; 8; 1) + logG(): (6.2)
Here j(; 8; 1) represents the perturbative part and the membrane instanton corrections
j(; 8; 1) = eA(8; 1) + 1
8







On the other hand, logG() term in (6.2) represents the worldsheet instanton corrections.






By looking at the worldsheet instanton coecients in (B.6) for the rst few instanton













In the periodic sum (2.5), we nd that the summand can be written as




















































Since G() is only invariant under the 4i-shift
G(+ 2i) = G() 1; G(+ 4i) = G(); (6.9)
we have to consider the periodic sum (2.5) with even n and odd n separately. Finally, we
nd the closed from expression of (; 8; 1)


















Let us consider the small  expansion of (; 8; 1). By performing the S-
transformation, we nd




























where j(; 8; 1) is given by
j(; 8; 1) = eA(8; 1) + 18f0 + f1 + 12 log 2  932 log  14 log : (6.12)
Now it is straightforward to nd the small  expansion of (6.11)




36  4 +  16p2  252
81922
2 +    ; (6.13)
 (; 8; 1) = 1 +















2 +    ;
which indeed reproduces the exact values of Z(N; 8; 1) computed in section 2.2.
A few comments are in order here:
1. (; 8; 1) is a sum of two theta functions multiplied by some factor G1, and
(; 8; 1) cannot be simply written as a single theta function. This is qualita-
tively dierent from the expression of the grand partition functions at k = 2; 4. This
also implies that the zeros of the grand partition function (; 8; 1) = 0, which de-
termines the exact quantization condition for the spectrum of the kernel , cannot
be simply expressed as the zeros of the Jacobi theta function #3(v; ) as in the case of
k = 2; 4 studied in [5]. As we will see below, this is also the case for (k;M) = (8; 3),
and we believe this is a general phenomenon for k 6= 1; 2; 4.
2. The grand partition function (; 8; 1) of ABJ theory is given by the product of
(; 8; 1)
(; 8; 1) = +(; 8; 1) (; 8; 1); (6.14)
but it is dicult to rewrite this product in a simple form and extract the modi-
ed grand potential J(; 8; 1) in a closed form. This suggests that for general k,
(; k;M) and J(; k;M) are more simpler than (; k;M) and J(; k;M), and










































+    ; (6.15)
such terms n+1=2 (n = 0; 1; 2;    ) are canceled by adding the two terms in (6.11),
and the small  expansion of grand partition function (; 8; 1) only includes the
integer powers of , as it should be.




































Note that G() is invariant under the S-transformation L ! orb =  1=L and
T 8 : L ! L + 8. It would be interesting to understand the modular property of
(; 8; 1) better.
6.2 (; 8; 3)
Next let us consider (; 8; 3). The computation is almost parallel to the (; 8; 1)
case studied in the previous subsection 6.1. For (k;M) = (8; 3), the constants in the
perturbative part are given by























Again, from the results in (B.7) we can write down the modied grand potential in a closed
form
J(; 8; 3) = j(; 8; 3)  logG(); (6.18)
where G() is the same function (6.5) appeared in J(; 8; 1), and j(; 8; 3) is given by
j(; 8; 3) = eA(8; 3) + 1
8







Under the shift ! + 2in, the summand in the periodic sum in (2.5) becomes























Finally, by performing the periodic sum (2.5) for even n and odd n separately, we arrive
at the closed form expression of grand partition functions
































































j(; 8; 3) = eA(8; 1) + 18f0 + f1 + 12 log 2  1732 log  14 log ; (6.24)
and the small  expansion of (; 8; 3) reads
+(; 8; 3) = 1 +















2 +    ;
 (; 8; 3) = 1 +


















2 +    : (6.25)
One can show that this agrees with the computation of Z(N; 8; 3) in section 2.2.
6.3 Comment on the k = 6 case
For k = 3; 6; 12, we nd the instanton expansion of grand potential from the exact values of
Z(N; k;M), which is summarized in appendix B. For these cases, however, it is dicult to
nd the closed form expression of the modied grand potential. In particular, it is dicult
to resum the series of worldsheet instanton corrections, since these corrections come from
all genera in the string coupling expansion with gs = 2=k. However, for k = 6, we nd that
the membrane instanton corrections of the form e 2n (n = 1; 2;    ) can be resummed in
a closed form. The terms with 1=2 coecient is given by the genus-zero free energy, as in
the case of k = 2; 4
1
6
f0 (even M); or
1
6
f 00 (odd M): (6.26)
We nd that the terms without 1=2 coecient can be also written in closed forms. For
















log(1 + 16e 2); (6.27)















Suppose we have managed to sum over the worldsheet instanton corrections to the
grand potential, which we denote as logW (). For deniteness, let us consider the (k;M) =
(6; 0) case. In this case, the perturbative coecients are given by


























and the modied grand potential can be written as
J(; 6; 0) = j(6; 0) + logW (); (6.30)
where j(6; 0) includes the perturbative part and the membrane instanton corrections





































3 +    : (6.32)
On the other hand, the worldsheet instanton corrections (and bound states with membrane
instantons) of ABJM theory at k = 6 is [15]



















3 +    ; (6.33)
which is dierent from 2 logW ()
JWS(; 6; 0) 6= 2 logW (): (6.34)
This suggests that the worldsheet instanton corrections in the orientifold ABJ theory receive
additional contributions from the orientifolding.
From (6.30), we can consider the possible form of the exact grand partition function
(; 6; 0) by performing the periodic sum (2.5). Since W () is not invariant under the
2i-shift of  but invariant under the 6i-shift, we have to decompose the periodic sum (2.5)
into three parts according to n modulo 3. Then, we nd





9 W (+ 2ir)#
 r
3





This is similar to the structure of (; 8;M = 1; 3) in the previous subsections. Also, we
speculate that the factor W () can be written as a modular form, as in the case of G()










and we expect that W () is invariant under the modular transformation S and T k : L !
L + k. It would be interesting to nd the closed form expression of the function W ().
Also, we have detailed data of instanton coecients for k = 3 (see appendix B.4). It would


















In [5], it was conjectured that the grand partition functions of orientifold ABJ theory satisfy
certain functional relations. These relations involve grand partition functions at xed k








 (k; 1) = (k; 0): (7.1)
Here we suppressed the -dependence of grand partition functions and introduced the







The second set of relations is
e 
iM
2k ++(k;M   1)  (k;M + 1) + e
iM








2k ++(k;M + 1)
 
 (k;M   1)  e 
iM








Following [5], we will call these relations \quantum Wronskian relations". Using our exact
data of Z(N; k;M), for k = 2; 3; 4; 6, we have checked that these relations are indeed
satised in the small  expansion.
We rst notice that the perturbative part of grand potential J(k;M) is consistent with
those relations. For the rst relation (7.1), the perturbative part J;pert(k; 1) appearing in



















log k  1
4
log(4k): (7.6)
One can show that
J++;pert(k; 1) + J
 
+;pert(k; 1)  Jpert(k; 0) =   log 2;
J+ ;pert(k; 1) + J
 
 ;pert(k; 1)  Jpert(k; 0) =   log 2  + log(4k);
(7.7)












 ;pert(k;1) = eJpert(k;0): (7.8)
Next consider the quantum Wronskian relations (7.3) and (7.4), at the level of pertur-
bative part. We nd that the constant term satises































and the perturbative grand potential satises




























J++;pert (k;M+1) + J
 










J +;pert (k;M+1) + J
+










From these relations (7.10), one can show that the perturbative part satises the quantum

























We would like to show that not only the perturbative part, but also the exact grand parti-
tion functions including the instanton corrections, indeed satisfy the functional relations.
In [5], it is found that the the exact grand partition function at k = 1 satises the rela-
tion (7.1). In this section, we will prove the functional relations (7.1), (7.3), and (7.4) for
k = 2; 4 using the exact from of grand partition functions obtained in the previous sections.
7.1 Proof of functional relations for k = 2
In this subsection we will show the functional relations (7.1), (7.3), and (7.4) for k = 2.
Interestingly, they all follow from an identity N2() = 1 proved in appendix A.1.
7.1.1 Functional relation (7.1) for k = 2
Let us rst consider the rst relation (7.1) for k = 2. For readers convenience, let us recall
the exact expression of grand partition functions appearing in the relation (7.1)
(2; 0) = eJ(2;0)#3 (2L; 2L) ;

















and the modied grand potentials are given by
J(2; 0) = f0 + f1;
J(2; 1) = eA(2; 1) + 1
2








































First, let us consider the transformation of the modied grand potential J(2; 1) under
the shift  !   i=2. As discussed in [5], the genus-zero and genus-one free energies
transforms as
(f 00)
+ + (f 00)
  = 2f0   1
4
@2t F0;
(F 01 + F
NS0
1 )
+ + (F 01 + F
NS0
1 )
  = 2(F1 + FNS1 ):
(7.14)
Using these relations (7.14) we nd
J++ (2; 1) + J
 
+ (2; 1)  J(2; 0) =   log 2 + F1 + FNS1  
1
8
(@2t F0   2)
J+  (2; 1) + J
 
  (2; 1)  J(2; 0) =   log 2  + log(8) + F1 + FNS1  
1
8
(@2t F0   2):
(7.15)
In the rst line of (7.15), the rst term on the right hand side comes from the perturbative
part (7.7), and the remaining terms comes from (7.14). Note that the linear term in  in
the rst line of (7.15) is canceled on the left hand side, hence on the right hand side we
subtracted the linear term from @2t F0 so that
@2t F0   2 = O(e 2): (7.16)
The origin of the last term in the second line of (7.15) is similar. Also, note that the










vanishes by adding the i=2 shift in (7.15)
JR;np(2; 1)+ + JR;np(2; 1)  = 0: (7.18)
Next, let us consider the transformation of theta functions under the shift ! i=2.
Using the relation





;  0+L = L   2;




















Then, as discussed in [5], using the formula (A.14) one can rewrite the the product of






















































One can easily see that the rst term in (7.21) is proportional to (2; 0), and the #2 terms
in (7.21) are canceled by adding the two lines in (7.21) with the proper weight in the








 (2; 1) = N2(L)(2; 0); (7.22)
up to a factor N2(L),15














where qL = e
2iL . Using the expression of f1 in (4.36), we nd that N2(L) can be
written as
N2(L) =
24 2q 18L#3   L2 ; 2L2
#2(0; L)#3(0; L)
35 12 : (7.24)
One can show that this factor is actually unity N2(L) = 1 (see appendix A.1 for a proof),
which implies that the functional relation (7.1) is indeed satised for k = 2.
7.1.2 Quantum Wronskian relation (7.3) for k = 2












In the case of k = 2;M = 1, the second quantum Wronskian relation (7.4) is equivalent to
the rst quantum Wronskian relation (7.3), therefore it is sucient to consider (7.3) only.
Again, for readers convenience we recall the exact expression of the grand partition
functions appearing in (7.25)

























and the modied grand potentials are given by
J(2; 1) = eA(2; 1) + f 00 + F 01 + FNS01 ;
J(2; 0) = eA(2; 0) + 1
2
















As in the previous subsection 7.1.1, one can show that the modied grand potential satisfy
J++ (2; 0) + J
 














J + (2; 0) + J
+












0)  20 : (7.28)

















The rst two terms come from the perturbative part and remaining terms come from the
transformation of f0 and F1 + F
NS
1 as in (7.14). Next we consider the transformation of



























































Again, using the formula (A.14) one can show that the functional relation (7.25) holds up
to the same factor N2( 0L) in (7.23), with a simple replacement of the argument L !  0L
in (7.23). From the identity N2( 0L) = 1 proved in appendix A.1, we nd that the functional
relation (7.25) is indeed satised for k = 2.
7.2 Proof of functional relations for k = 4
In this subsection we will show the functional relations (7.1), (7.3), and (7.4) for k = 4. As
in the case of k = 2, these relations all follow from a single identity N4() = 1 proved in
appendix A.2.
7.2.1 Functional relation (7.1) for k = 4
To prove the functional relation (7.1) for k = 4, let us recall the exact form of the grand
partition functions appearing in (7.1)































and the modied grand potentials are given by
J(4; 0) = eA(4; 0) + 1
2
















J(4; 1) = eA(4; 1) + 1
4









First, the transformation of modied grand potentials under the shift  !   i=2 is
given by
J++ (4; 1) + J
 
+ (4; 1)  J(4; 0)















J+  (4; 1) + J
 
  (4; 1)  J(4; 0)
































Next, we consider the transformation of the theta functions. Using (7.29), we get































































































Again, the rst term is proportional to (4; 0) and the #2 terms are canceled by adding the
two terms in the functional relation (7.1). Finally, we nd that the functional relation (7.1)








 (4; 1) = N4( 0)(4; 0); (7.36)
where  0 =  0L + 1 and N4( 0) is given by
N4( 0) = exp





























and the expression of F1 + F
NS












0)2   #2(0;  0)2










with q0 = e2i 0 . One can show that N4( 0) = 1 (see appendix A.2 for a proof), and the
functional relation (7.1) is indeed satised for k = 4.
7.2.2 Quantum Wronskian relation (7.3) for k = 4;M = 2












Here we have used the Seiberg-like duality (4; 3) = (4; 1). Again, we recall the exact
grand partition functions















































and the modied grand potentials
J(4; 2) = eA(4; 2) + 1
2












J(4; 1) = eA(4; 1) + 1
4









Let us consider the rst term on the left hand side of in (7.40). From the transformation
of L and L in (7.29), we nd



























and the product of ++(4; 1) and 
 
 (4; 1) is simplied by using (A.14) as
++(4; 1)
 





































Here the modied grand potentials satisfy
J++ (4; 1) + J
 
























Also, we can rewrite the second term on the left hand side in (7.40) in a similar form
as (7.44). Finally, adding the two terms in (7.40), we nd that the functional relation (7.40)











2 eN4( 0)(4; 2); (7.46)
where the factor eN4( 0) is given by












It turns out that this factor eN4( 0) is related to the factor N4( 0) in (7.39) by a shift of the
argument  0 !  0 + 2: eN4( 0) = N4( 0 + 2): (7.48)
From the identity N4() = 1 proved in appendix A.2, we nd that the quantum Wronskian
relation (7.3) is satised for k = 4;M = 2. In a similar manner, one can show that the
second quantum Wronskian relation (7.4) is also satised for k = 4;M = 2.
7.2.3 Quantum Wronskian relation (7.3) for k = 4;M = 1





























where the exact grand partition functions are given by






































and the modied grand potentials are
J(4; 1) = eA(4; 1) + 1
2








J+(4; 0) = eA+(4; 0) + 1
4











J (4; 2) = eA+(4; 2) + 1
4











Let us consider the rst term on the left hand side of (7.49). Using the transformation of
L and L in (7.19), we nd



























Using the identity of theta functions (A.14) again, the product of grand partition functions


































with  = L+1. The second term on the left hand side of (7.49) can be rewritten similarly.
Finally, using the relation of the grand potentials
J++ (4; 0) + J
 






















one can show that the functional relation (7.3) holds up to the same factor N4() as (7.39),
where the argument is simply replaced  0 !  in (7.39). From the identity N4() = 1,
we nd that the functional relation (7.3) is indeed satised for k = 4;M = 1. Also, we
can prove the second quantum Wronskian relation (7.4) for k = 4;M = 1 in a completely
parallel way.
7.3 Comments on other k's
For other values of k's we do not have a general proof of the relations (7.1), (7.3), and (7.4).
However, we can check these relations by comparing the small  expansion on both sides

















partition functions Z(N; k;M) of ABJ(M) theories computed in [15, 18, 19]. We nd a
complete agreement for k = 3; 6. On the other hand, for k = 8; 12 the exact values of
ABJ(M) partition functions Z(N; k;M) are not known in the literature. Rather, assuming
that the functional relations are correct, we can predict the values of Z(N; k;M) with
k = 8; 12 for all 0  M  k using the functional relations. We have checked that those
values of Z(N; k;M) for k = 8; 12 obtained in this manner are all consistent with the
conjectured modied grand potential (2.8) given by the free energy of (rened) topological
string on local P1  P1 [2].
For the case of (k;M) = (8; 2), it was conjectured in [5] that the grand partition
function of (k;M) = (8; 2) ABJ theory is equal to  (4; 2)
(8; 2) =  (4; 2): (7.55)
















Plugging the small  expansion of +(8; 1) (6.13) and  (8; 3) (6.25) into this functional
relation (7.56), we get






 32  24  1 +p2 +  33  8p22
20482
2 +    ; (7.57)
which indeed agrees with the expansion of  (4; 2) in (5.26).
8 Conclusion
In this paper, we have studied the orientifolding of the ABJ Fermi gas by projecting to the
even/odd sectors under the reection of fermion coordinate.  (; k; 0) and +(; k; 1)
are indeed related to the N = 5 O(n)  USp(n0) theories, and we expect that more gen-
eral cases (; k;M) are also related to M-theory on some orientifold background. It
would be interesting to understand the spacetime picture (if any) for the general cases
(; k;M) and study the precise relation between the reection of fermion coordinate
and the orientifolding of spacetime. The relation to the orientifold is also suggested by the
appearance of non-orientable contribution Fnon-ori in the constant term A(k;M) (2.38) in
the perturbative part of grand potential.
The grand potential of orientifold ABJ theory receives three types of instanton correc-
tions (2.45): worldsheet instantons, membrane instantons, and \half-instantons". We nd
that the half-instanton corrections come from the twisted spectral trace Tr(sR), and we
determined the rst few half-instanton coecients in closed forms (3.59) as functions of k
and b = M=k. We also observed that the coecients of worldsheet instanton corrections
are dierent from the worldsheet instanton coecients of ABJ theory before orientifolding.
It would be interesting to understand the structure of worldsheet instantons in orientifold
ABJ theory better, and see if they have some relation to the \real topological string" on

















For k = 2; 4; 8 we have found the closed form expression of the grand partition function
of orientifold ABJ theory in terms of the theta functions, and we have also checked for
k = 2; 4 that the functional relations conjectured in [5] are indeed satised. We found
that the structure of grand partition function at k = 8 is qualitatively dierent from the
cases of k = 2; 4. For k = 2; 4, the modied grand potentials are basically determined by
the genus-zero and genus-one free energies, while for the k = 8 case the modied grand
potentials receives all genus corrections in the string coupling expansion. Nevertheless, we
have managed to nd the closed form expression of the all order resummation of worldsheet
instanton corrections G(). Since G() is not invariant under the 2i-shift, we divided the
periodic sum into two parts. In general, the worldsheet 1-instanton factor e 4=k is not
invariant under the 2i-shift of , except for the k = 1; 2; 4 cases. Therefore, for generic
k 2 Z>0, the periodic sum (2.5) should be taken separately according to n modulo k (or n
modulo k=2 for even k), and the resulting exact grand partition function will be written as
a sum of certain building blocks carrying denite Zk-charge (or Zk=2-charge for even k). It
would be very interesting to nd a closed form expression of the grand partition functions
for general integer k, say k = 3; 6.
As observed in [4, 5], the exact forms of the grand partition functions of (orientifold)
ABJ theories have the same form as the \non-perturbative partition functions" proposed
in [38]. Our exact grand partition functions have a nice modular property, and we expect
that they are invariant under some subgroup of SL(2;Z). It would be nice to understand the
modular property of (; k;M) better. Interestingly, the exact form of (; k;M) we
found is a holomorphic function of  at xed k;M . As emphasized in [38], the holomorphic
anomaly might be an artifact of the perturbative genus expansion and the holomorphicity
and modularity are restored at the non-perturbative level. It would be very interesting
to study this mechanism in a concrete example, and we believe that the (orientifold) ABJ
theory serves as a good testing ground for this purpose.
The exact grand partition functions of (orientifold) ABJ theories we obtained are
reminiscent of the torus partition functions of chiral fermions in 2d CFT. It has long been
suspected that the partition functions of matrix models have a natural interpretation in 2d
CFT living on spectral curves (see e.g. [42] and references therein). It would be interesting
to clarify the precise relation between our exact grand partition functions and 2d CFT.
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A Theta functions
In this appendix, we summarize some useful properties of theta functions, and give a proof
of N2() = 1 and N4() = 1. Here we use the notation
































































(1  qn)(1  zqn  12 )(1  z 1qn  12 ): (A.2)
Under the S-transformation  !  1= , they behave as
#1(v; ) = i( i)  12 e iv
2
 #1(v=; 1=);
#4(v; ) = ( i)  12 e iv
2
 #2(v=; 1=);










(v; ) = eia





















The Jacobi theta functions can be written as



















Useful identities. The Jacobi theta functions satisfy
#3(v  1=2; ) = #3(v;   1) = #4(v; );
#2(v  1=2; ) = #1(v; );
#2(v; ) = e




4 + #3(v; )
4 = #2(v; )

























is related to the Jacobi theta functions as
2()3 = #2(0; )#3(0; )#4(0; ): (A.10)
The theta functions with argument  and 2 are related by
#3(v; )#4(v; ) = #4(0; 2)#4(2v; 2); (A.11)
and  and 4 are related by
#3(v; ) = #3(2v; 4) + #2(2v; 4);
#4(v; ) = #3(2v; 4)  #2(2v; 4):
(A.12)
From (A.11), (A.12), and the product representation of theta functions (A.2), one can
show that
#3(0; )
2   #2(0; )2 = #4(0; =2)2;
#3(0; )
2 + #2(0; )
2 = #3(0; =2)
2;
2#2(0; )#3(0; ) = #2(0; =2)
2:
(A.13)
To show the functional relations (7.1), (7.3), and (7.4), we use the following identities
#3(x+ y; )#3(x  y; ) = #3(2x; 2)#3(2y; 2) + #2(2x; 2)#2(2y; 2);
#4(x+ y; )#4(x  y; ) = #3(2x; 2)#3(2y; 2)  #2(2x; 2)#2(2y; 2):
(A.14)
Elliptic modulus and theta functions. The elliptic modulus k2 appearing in the
complete elliptic integral of the rst kind K(k2) is related to the Jacobi theta functions by
2

K(k2) = #3(0; )











A.1 Proof of N2() = 1
In this subsection we will prove the identity N2() = 1 in (7.24), which amounts to show-
ing that




As we will see below, this follows directly from the product representation of theta func-




(1 q2n)(1+q 12 q2n 1)(1+q  12 q2n 1)=
1Y
n=1


















The last two factors can be thought of as the product of qm 
1
2 with even m (m = 2n) and




(1  q2n)(1 + qn  12 ): (A.18)
On the other hand, by multiplying #2(0; ) and #3(0; ) in (A.2), we nd





(1  qn)2(1 + qn)2(1 + qn  12 )2 = 2q 18
1Y
n=1
(1  q2n)2(1 + qn  12 )2:
(A.19)
Comparing (A.18) and (A.19), we nd the desired relation (A.16).
A.2 Proof of N4() = 1
In this subsection, we will prove the identity N4() = 1. Using (A.8), (A.16), and (A.13),




4   #2(0; )4] 12









Therefore, to prove N4() = 1 we have to show that
#3(=2; 2)#3(0; =2) = #3(=4; )
2: (A.21)
First, #3(=4; ) on the right hand side of (A.21) is easily obtained from (A.18) by




(1  qn)(1 + q n2  14 ): (A.22)




(1  qn)(1 + qn)(1 + qn  12 ) =
1Y
n=1
(1  qn)(1 + q n2 ): (A.23)





(1  q n2 )(1 + q 12 (n  12 ))2: (A.24)
Then, multiplying (A.23) and (A.24) we nd
#3(=2; 2)#3(0; =2) =
1Y
n=1
(1  qn)2(1 + q n2  14 )2: (A.25)

















B Instanton expansion of J(k;M)
In this appendix, we summarize the non-perturbative corrections to the grand potential
Jnp (k;M) obtained from the exact values of Z(N; k;M).
B.1 k = 2












































































Jnp+ (; 2; 1) = e
    4



































Jnp  (; 2; 1) =  e   

































B.2 k = 4






























































e 2 + 8e 3 +
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Jnp+ (4; 1) =
























Jnp  (4; 1) =


























































































e 2   8e 3 +
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B.3 k = 8






























































































































































We nd that the instanton corrections of J (8;M) are equal to J
np
+ (8;M) for M = 1; 3
Jnp  (8;M) = J
np

















B.4 k = 3































































































































































































































































































































B.5 k = 6
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  26
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B.6 k = 12








































































3   e  43 +
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We nd that the instanton corrections for J (12;M) are equal to J
np
+ (12;M) for all M =
1; 3; 5
Jnp  (12;M) = J
np
+ (12;M) (M = 1; 3; 5): (B.18)
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